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Abstract: The Black- Scholes model is a well-known model for hedging and pricing derivative securities. However, it
exhibits some systematic biases or unrealistic assumptions like the log-normality of asset returns and constant volatility. A
number of studies have attempted to reduce these biases in different ways. The objective of this study is to value a European
call option using a non-parametric model and a parametric model. Amongst the non-parametric approaches used to improve
the accuracy of the model in this study is the Wavelet-based pricing model. This model is found as promising alternative as far
as pricing of European options is concerned, due to its varied volatility of the underlying security and estimation of the risk
neutral MGF. This study made an attempt to improve the accuracy of option price estimation using Wavelet method and it
improves the accuracy due to its ability to estimate the risk neutral MGF. The MSE and RMSE of Wavelet model is 0.208546
and 0.456669 respectively which is much lower than that of Black-Scholes model and therefore in conclusion, Wavelet model

outperforms the other model. The study was carried out using simulated stock prices of 1024 observations.
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1. Introduction

The financial contracts or instruments which derive their
value from some other variables are called Derivatives.
Derivatives are instruments whose value depend on an
underlying asset. Equity, commodity, bond or currency,
stocks, interest rate, exchange rate or any other financial
variables of interest to the researcher could be the underlying
asset. Derivatives includes; Forwards, futures, options and
swaps. These derivatives can either be exchange- traded or
traded over the counter (OTC). The ones traded on the
exchange are standardized and regulated.

An option is a type of derivative that gives the option
holder the right but not obligation to buy or sell an
underlying security at a specified price, at any time on or
before a given date in the future as agreed on. According to
the right to sell or to buy, we distinguish the two types of
options. The holder of a call option has the right but not
obligation to buy the underlying security at a specified price,
at a specified time in the future. The holder of a put option
has the right but not the obligation to sell underlying security

under some predefined terms of an agreement which
includes; strike or exercise price, maturity date and option
volume. European-style options can be exercised at the
maturity date only while American options can be exercised
at any time prior to or on the maturity date. American options
need more complex pricing methodology due to the extra
feature of early exercising. The Monte Carlo method, which
is based on repeated computation and random sampling can
be used for pricing American options [1].

In the Kenyan market, derivatives are yet to be developed.
The derivatives market has been inactive due to some of the
factors such as low level of investor awareness and
sophistication, inadequate risk management, lack of
commodities on large scale and inadequate liquidity. This
study therefore prices a European option using two non-
parametric methods and a parametric method.

The Black-Scholes option pricing formula which has been
used as the benchmark to price European options in most of
the previous researches due to its simplicity and low
computational demand [2]. This Black-Scholes formula
remains the most widely used model in pricing options
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though it has some known biases which include volatility
smiles and skewness. The Black Scholes model has been
developed under some assumptions such as the risk-free rate
and volatility of the returns are known and constant, the
returns of the underlying security are normally distributed,
markets are efficient (market movements cannot be
predicted).

In the real market, the asset returns follow a leptokurtic
distribution which is in contrast to the Black-Scholes model
where returns are assumed to be log-normally distributed.
Also, in practice the volatility should vary in the market and
as a result of the Black Scholes’ assumption of constant
volatility it results to volatility smiles. In the previous
researches, it has been shown that distribution in the option
prices is skewed to the left (negatively skewed) [3].

This model derives the closed form solution for pricing of
a European options that is why it is used as a benchmark.
Variables used in this model are observable, for example the
time to expiration, exercise price and the closing price except
the volatility which is not directly observable. The Black
Scholes model therefore belongs to the parametric
continuous time models with a closed form solution family.

The Wavelet based pricing model is another non-
parametric method alternative used to price derivatives [4].
According to the literature, this model is the latest theoretical
contribution to the option pricing and it is better at capturing
the volatility smiles which is as a result of the Black-Scholes’
assumption on volatility constant.

The implied risk neutral moment-generating functions
(MGF) is estimated by the wavelet method. This method only
requires a reasonable amount of data (different strikes) and is
very efficient, unlike other non-parametric methods which
requires large amount of data.

This research therefore compared the performance of
Wavelet based pricing model and Black-Scholes model in the
valuation of a European option.

The remainder of the paper is structured as follows:
Section 2 discusses the existing literature; Section 3 presents
an overview of the Black- Scholes model and Wavelet based
pricing model. Section 4 describes the data, shows the
empirical results and performance measures of the models.
Lastly, section 5 concludes the study.

2. Literature Review

The simple closed form solution of European options was
derived during the financial crisis [2]. Their formula can be
used to obtain the following parameters; the spot price, the
exercise price, interest rate, time to maturity and volatility. A
lot of improvements have been done to the original Black-
Scholes formula since the paper of [2]. This model has been
discussed extensively in order to improve its pricing biases
and to impose more practical assumptions. The derivation of
the pricing formula is independent on the parametric form of
the underlying security’s price dynamics and hence the
success of this model depends on the accurate capture of
dynamics of the underlying security’s price process.

The Black Scholes model does not correctly price in high
volatility markets [5]. For out-of-money puts, there is high
implicit volatility relative to the at-the- money calls and puts
[3].

According to the researches as far as pricing derivative
securities is concerned, Wavelet based option pricing model
is the latest option pricing model in the literature [6].

The approximation of the implied risk-neutral MGF of the
underlying security (asset) returns was focused by
developing a non -parametric option pricing model called
Wavelet model [4]. In comparison between the risk-neutral
MGF and the implied risk-neutral PDF, the risk-neutral MGF
has a number of advantages even though between them, there
is a one to one relationship. The following are some
examples of these advantages; when there is presence of
jumps in the underlying process MGF is more tractable, the
option’s obtained MGF is a continuous function, statistical
moments of the asset distributions can be obtained using
MGF and the risk neutral MGF can be used to estimate the
out of sample options that has maturity dates which are
different.

The following are some of the applications of wavelet
method in finance and economics as pointed out in [6] and
[7]; Wavelets can be used in multi-scaling analysis. For
example, analyzed the relationship between economic
variables at different scale by using the wavelet method and
they found out that over a different time horizon, the
relationship changes [8]. Employing the wavelet method to
de-seasonalize prices of electricity [9].

The second use of wavelet method is that, they can be used
to de-noise raw data. Also, wavelets can be used to improve
analysis of volatility since they are a preprocessing de-
noising tool [10]. The de-noising ability of wavelets was also
recognized in [7]. Evidence have been provided to support
that wavelet based local linear approximation [11].

Algorithm has a superior performance in de-noising
financial data with high frequency by using the first principal
component to de-noise frequency variations of a business
cycle with wavelets [12].

Lastly, wavelets can be used to estimate parameters of the
models which are unknown using wavelets in pricing of an
American derivative security by levy process [13]. European
options can also be priced using the Shannon wavelet [14].
Another example is the application of the wavelets in non-
parametrically estimation of a diffusion function [15].
Wavelets can also be used in calibrating parameters with long
memory processes [16].

3. Methodology
3.1. The Black-Scholes Model

The Black and Scholes (1973) option pricing formula
prices European style derivative security on stocks with no
dividend paid. The following are some of the assumptions of
Black-Scholes model;

i. The risk-free interest rate and volatility are known and
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constant through time.

ii. The options are European-style options.

iii.The returns on the underlying stock prices are log-

normally distributed.

iv. Security trading is continuous.

v. No transaction costs or services with buying or selling

the option.

The Black -Scholes formula is the solution of the Black-
Scholes partial differential equation under the boundary
conditions g = max (0, S0- K) for call and g = max (K- S0, 0)
for put when t=T. The Black-Scholes formula is then defined
as;

¢ = SON(d1) — Kexp(—rT)N(d2)
p = K exp(—rT)N(—d2) — SON(d1)

Where;
2
dl = In(S0/K)+(r+0</2)T
oVT
)
dl = In(S0/K)+(r-o /Z)del—O'\/T
oVT

From the Black-Scholes formula above, we see that the
strike price (K), risk free interest rate (r), time to maturity
(7), the volatility (o) and the current price of the stock (S0)
are required. ¢ is the call option price, p is the put option
price and N (.) is the cumulative distribution function.

3.2. Wavelet Based Pricing Model

As it has been seen from the reviewed literature, this
model is a new method in the field of finance. Based on some
general assumptions like independent and identically
distribution (iid) for asset returns and that the moment
generating function is defined well, the wavelet based pricing
model can be expressed as follows;

@T—t 50

Where, ¢ is the current time, S, is the underlying asset
price at time ¢, V; is the time ¢ price for a European call
option written on asset, K is the strike price and 7 is the
future maturity date. [~! is the bilateral inverse Laplace
transform. Interest rate 7 is assumed to be constant.

From the expression above, the core of the pricing model
. 0T tw)

> v(v+1)
< -1 for calls and Re (v) > 0 for puts. The underlying asset
dynamics and investor expectation in option prices is
captured by the MGF ©7!(v) of the logarithmic returns

In S?O When T'-¢=1, O (v) is the risk-neutral MGF for the rate

of return per unit of time. This needs to be approximated by
wavelets.

In order to approximate the implied MGF using the
wavelet method, one has to choose a particular wavelet from
a large family of wavelets. From the wavelet literature,
researches have shown that there is no best wavelet for a

where v is a complex value whose real part Re (v)

particular application. And therefore, we choose a wavelet
that can achieve a reasonable accuracy with wavelet terms
being very minimal. On this criterion, the Franklin hat
function performs very well because it is symmetric, smooth
and piecewise continuous. This function also emulates the
probability density function of asset returns.

To estimate the risk neutral MGF of the return per unit
time, we use the Franklin hat function f(f) expressed as;

A-tD,if -1 <t< 1
0, Otherwise

£ ={

m (v) denotes the Laplace transform of h (t), this is
expressed as;

ev/z — e_V/Z 2
) - (£2225)

From the Franklin function f (¢), a set of generalized
functions can be given as:

J .
fix(®) =22h (2t — k), j, k = 0,1, %2, ...

where j is the scaling parameter which determines the degree
of dilation, while £ is the shifting parameter that controls the
horizontal location of the function.

Performing the Laplace transform on fj,(t), m;,(v) is
obtained as follows;

-j kv v
m;(v) =2ve 2 my, (E),j,k =0,+1,+2,..

From the set of the generalized Franklin hat function, the
risk neutral MGF of the return © (v) can be expanded using
the Laplace transform as follows:

0= i i ajem; . (v)
j==0 k==c0

Where, a;, is a set of some unknown coefficients and this
is estimated using the sum of squared error between the
actual price and the estimated prices.

3.3. Pricing Performance Measures

In this study, for us to compare the pricing performance of
the three models, we used the commonly used statistical
criteria. These tests statistics include; Mean Squared Error
(MSE) and Root Mean Squared Error (RMSE). They are
expressed as;

1x .
MSE = (=90
i=1

RMSE =

n is the number of observations, y; is the estimated
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variable, J; is the estimate of the variable. For MSE and
RMSE, the smaller the values the better the model, that is
lower values indicates a better fit or the closer the values are
to zero, there is a perfect accuracy of the pricing
performance.

4. Data Description

The data sets consist of simulated stock prices, the exercise
price, the time to matureness, interest rate and volatility. In
this study Monte Carlo simulation was used to generate 1024
stock prices. These data is divided into three, In-The-Money
options, At-The-Money options and Out- of -The money
options.

sim_stock
100 150 200 250

50

T T T T T T
0 200 400 600 800 1000

Time

Figure 1. A plot of the simulated data.

Figure 1, is a time series plot of the simulated stock prices,
and this plot displays the typical stylized facts present in the
data.

5. Empirical Result

Value of Call and Put Option in Black-Scholes Model

In Black-Scholes Model, we estimate the value of a call
and put option at different strike prices and time to maturity
generated by simulation. In this study, we used the historical
volatility. The current price (S0), historical volatility
(0.02626%) and interest rate (7.020%) are kept constant.

Table 1. Value of call and put option in Black-Scholes Model with Time to
Maturity of 1 year.

Strike Price  N(dl) N (d2) VELDO T ST g
call option option

90 0.49621 0.39958 16.10134 2.46363 #10~12

95 0.49621 0.39958 11.44035 5.56768%10~"

100 0.49621 0.39958 6.78192 0.00266

105 0.49621 0.39958 2.41484 0.29661

110 0.49621 0.39958 0.23401 2.77060

Table 2. Value of call and put option in Black-Scholes Model with Time to
Maturity of 2 years.

Strike Price  N(dl) N (d2) VAT VAL i
call option option

90 0.49621 0.39958 21.78905 5.43351*%10~"2

95 0.49621 0.39958 17.44400 5.56768%10~"

100 0.49621 0.39958 13.09091 5.39538%10~"

105 0.49621 0.39958 8.76111 0.00722

110 0.49621 0.39958 4.59987 0.19103

From table 2, It can see that as the strike price increases
the value of a call option decreases while the value of a put
option increases. When the exercise price is lower, the higher
the value of the call option. That is, the value of call option is
inversely proportional to the strike price while the value of
the put option is directly proportional to the strike price. This
can be illustrated more by figure 2.

| Time to maturity

= — 1year

[ — 2years

Call Option Value

9 95 100 105 110
Exercise Price

Figure 2. Exercise price against the Black-Scholes Call option value.

Table 1 and table 2 show the values of option with
different time to maturities, it is seen that the value of the
option is greater when there is more time to maturity. This is
because the underlying asset has more potential for
movement and hence the value of the option will be higher.
For instance, when the strike price is 90, the values of a call
option are 16.10134 and 21.78905 with time to maturity of 1
year and 2 years respectively.

Value of a call option using Wavelet Based pricing model

Wavelet based pricing model has a shut structure answer
for finding the cost of a European call option. In order to
approximate the risk neutral MGF, the generated data set (SO,
Ki, T, Ci) was used and wavelet analysis performed. The
scale parameter and the shift parameter for the wavelet series
chosen in this study is j = 3 and k = -4:4 respectively, this is
because when the parameters increases, the computation time
also increases and requires more data for optimization. The
goals of the risk neutral MGF is determined by the scale
parameter and therefore for the risk neutral MGF to be finer,
scale parameter should be large given the shift parameter is
chosen appropriately.

With an increment of 1, the exercise values are evenly
distributed from 90 and 100, the current price SO = 100,
interest rate (7.020%) and time to maturity (1 year) are the
variables.

Our experiment started by first performing the
decomposition of the simulated stock prices into various time
scales utilizing the Haar mother wavelet. We carried out the
wavelet decomposition of stock prices into a lot of 4
symmetrical components (D1, D2, D3, D4) that represent
various parts of frequency and smoothed component (s4).
This data deterioration permits time frequency domain of the
original data. The level of decomposition was set to 4 levels
because the wavelet coefficients gets smaller for higher level
of decomposition.
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Table 3. Descriptive statistics of the decomposition levels.

Statistic D1 D2 D3 D4

Mean -5.50080 #10~"° -5.46508 #1071 -5.28873 #1071 -5.43141 #1071
Median 0.09199 0.01897 0.01091 -0.00547
Maximum 6.33116 3.65259 2.83677 2.13669
Minimum -6.93500 -3.95797 -3.04179 -2.23943

Std. dev 1.99486 1.35188 0.99491 0.75240
Skewness -0.07699 0.00588 -0.00461 -0.00968
Kurtosis 0.14562 -0.27744 -0.21892 -0.13038

The approximated risk-neutral MGF is equivalent to the
sum of wavelet coefficients of the Franklin hat function. The
value of European call options with various exercise prices
and period to matureness is obtained by plugging in the
approximated risk-neutral MGF in wavelet pricing formula.
These estimated wavelet coefficients from the stock prices
are; -0.0342, 0.2464, -0.0445, 0.6407, -0.6842, 0.4881, -
0.0240, -0.8679 and 0.1246. Many of these values are close
to zero. It is found that, with only 9 Franklin hat function
coefficients, we can estimate the risk-neutral MGF.

Table 4. Wavelet Decomposition Coefficients of different components (D1,
D2, D3, D4).

D1 D2 D3 D4

-0.36551 0.05374 -0.06732 0.31609

0.21675 -0.03148 -0.49820 0.76126

0.10741 -0.19372 -0.39951 0.82169
-0.05472 -0.07654 -0.68142 -0.33994
0.43503 -0.01918 -0.05231 0.23509

0.09694 0.03181 -0.84492 0.04697
-0.12708 0.55181 -0.06748 0.23016
-0.12621 0.38569 0.27805 0.36932

Table 4 it shows different decomposition wavelet

coefficients of different components. The risk neutral MGF
given as the sum of the wavelet coefficients is 2.440658. This
MGF is plugged into the wavelet formula to get the value of
a European call option. After the transformation and the
decomposition of wavelet coefficients was done,
thresholding was performed. The following threshold values
were obtained; 2.026467, 4.517850, 5.404695, 7.529094,
9.361670, 9.721155 and 9.038083. Figure 3 shows how the
wavelet decomposition of stock prices is d into 4 frequency
bands.

simmstock

o
’wm‘wmw“ . O_ﬂ M“WMW ’flﬂ FWM
T T T T T T
0 200 400 600 800 1000

Time
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0 200 400 600 800 1000
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Figure 3. Wavelet decomposed results of stock prices into 4 frequency
bands.

Figure 4, shows the wavelet decomposition coefficients
where we have the filter type being Haar wavelet, the type of
decomposition is wavelet and the type of boundary handling
is periodic. Clearly, it can be noted that as the resolution level
becomes higher, the scales becomes finer, as the coefficients
gets smaller.

Wavelet Decomposition Coefficients

5
N O

Resolution Level

Translate
Standard transform Haar wavelet

Figure 4. Wavelet Decomposition Coefficients.

From the wavelet -based pricing model equation, the
current stock price (S0) is 100. Therefore, the values of
European call options acquired from the estimated risk-
neutral MGF are shown table 5.

Table 5. Value of European call option using Wavelet Based Pricing model
with period to matureness of 1 year and 2 years.

Strike Price Call option value (1 year)  Call option value (2 years)

90 21.56864 23.96375
91 19.52111 21.68821
92 17.44859 19.38615
93 15.35135 17.05602
94 13.22965 14.69872
95 11.08375 12.31453
96 8.91390 9.90373
97 6.72036 7.46601
98 4.50337 5.00344
99 2.26317 2.51448
100 0.00001 0.00002

Comparing table 1 and 5, the wavelet values are greater
than the Black-Scholes values. In table 5, it can also be noted
that as the strike price becomes larger, the value of call
option becomes smaller. it can be noted that when the period
to matureness is 2 years the value of a call option is also
slightly higher than when the period to matureness is 1 year.

This can be illustrated more in figure 5, where it can be
seen that the value of a call option is higher when the time to
maturity is 2 years than when the time to maturity is 1 year.
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From figure 5, it can also be noted that as the exercise price
increases, the value of European call option value decreases.

— Time to maturity

20- e — 1year

Sl — 2years

Call Option Value
=

90.0 925 95.0 975 100.0
Exercise Price

Figure 5. Exercise price against Wavelet call option value.

Pricing performance of the models

During this study, the MSE and the RMSE were used as
the measures of pricing accuracy of the in-sample
performance of the two models. MSE and RMSE are chosen
as the measures of fit because Wavelet model are estimated
by using the SSE. Since the data is divided into 3, the
performance comparison is done according to the data
division. That is, OTM, ITM, ATM and overall options. The
results of the price comparison are shown in table 6.

Table 6. A Summary of price comparison statistics of different models.

Options Statistic BS Wavelet
OTM MSE 0.884678 0.102894
RMSE 0.940573 0.320771
™ MSE 0.643467 0.376454
RMSE 0.803164 0.613558
ALL MSE 0.854388 0.208546
RMSE 0.924331 0.456669

From table 6, it can be seen that wavelet models
underpriced the ITM options while BS model overpriced
them more. It is also observed that, OTM options are slightly
overpriced by the Wavelet model and underpriced by Black-
Scholes model.

Comparing ALL options, the Black-Scholes estimates
shows a larger bias as compared to Wavelet model with a
smaller bias. For all the types of options, it can be observed
that RMSE and MSE of Wavelet model are lower than those
of Black-Scholes model.

In conclusion, it is known that for MSE and RMSE the
smaller the values the better the model that is lower values
indicates a better fit and therefore in this case Wavelet model
performs better than the Black-Scholes model.

6. Conclusion

The focus on this study was on pricing of a European Call
option using two models, one parametric model (BS Model)
and one non-parametric models (Wavelet Pricing Model).
After valuation of the option was done, we compared the
pricing performance of the three models.

In order to estimate the risk neutral Moment Generating
Function of the underlying security from option prices, we
applied the methodology of wavelet. Therefore, one of the
most significant input of this study is that the wavelet -based
pricing model is an alternative model for pricing options and
other derivatives on the same underlying asset with varying
times to maturity and different strike values. The superiority
of the wavelet method comes from the ability of the wavelets
to estimate the risk neutral MGF. This is evident from the
values of the RMSE and MSE, whereby MSE of wavelet
model is lower than that of Black-Scholes model.

We recommend more further investigation on the non-
parametric models since most of the studies have focused on
the parametric model especially Black-Scholes model. A lot
of focus should be put on the Wavelet model because it is a
new method in the field of finance.

In this study, we also focused on pricing European call
options and therefore we recommend an extension of the
approach to pricing more complex options like American
options which have no general closed form analytical
solution. Other complex options include; Bermuda options
and exotic options. Moreover, hedging performance may be
evaluated with respect to each of the two models.
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